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Abstract
Let f be an element and S a subset of a normed linear space x. A basic

Problem of approximation theory is to find an element of S, which is as close as possible to f, i.e. seek an element
S*of Ssuchthat | f-S*1 < If-sl forall S*in S.

This work seeks to use the fourier approximation method using the

Inner product space to obtain a best approximation of functions. The fourier

approximation in calculus is shown to be a special least square approximation.

Define an inner product and normon c [ -, ©] by the equation.

1
fg=" f(x) g(x)dx and |Ifll = [[" f?(x)dx]?L
Let Jn be the set of all

trigonometric polynomial of degree at most n. We seek S* of J, such that the

- Vs 2 . .- .

integral f_n [f_(x)-S* ()] 4dx is minimum. o o _
The inner product space, or orthogonal projections, least square approximations and Fourier

approximations are defined. The inner product space and orthogonal projection are applied to the least square

approximation and subsequently to Fourier approximation in calculus.

Keywords: Fourier Approximation.

Introduction

In real life situation, exact values are needed to solve problems. Efforts are made to obtain values that are
close which subsequently yields the"almost" exact results. The usefulness of approximation in mathematics in
particular and life situations in general cannot be overemphasized.
Many problems in the physical sciences and engineering involve the approximation of a function f by another function
g. If f isin[a,b], then usually g is chosen from a given subspace w of c[a,b] where c[a,b] is the inner product space
of all continuous functions of f.

Definition of Terms

2.1 Vector Space: Let V be a set on which two operations (vector addition and vector multiplication) are defined.
If the following axioms are satisfied for every u,v and w in V and every scalar ¢ and d, then V is called a vector
space

utv is in V

U+v = v+u

u+ (v+w) = (u+v) +w

v has a zero vector O such that for every uin V,u+ 0 =u.

For every U, there is a vector in V denoted by —u such that u+ (-u)=0

cu isinV

c(u+v) = cutcv Distributivity

(c+d)u=cu+dv

¢ (du) = (cdu Associativity
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and

I(u)=u Scalar identity

2.2 Linear Dependence/Independence

A set of vectors S={vi, Vo, ...Vi) inavector space V is called linearly independent if the vector equation
cv) + CVo+ ...+ CkVk= 0 has only the trivial solution, ¢;=0,¢c2=0,...., ck = 0. If there are also non-trivial

solution, then S is called linearly dependent.

2.3 Spanning Set of a Vector Space

Let S = {v,,v,, ...., v} be a subset of a vector space V, the set S is called a spanning set of V if every vector in V
can be written as a linear combination of vectors in S. S spans V.

2.4 Basis: A set of vector S={v1, v2, ... vn} in a vector space V is called a basis for V if S spans V and S is linearly independent.

25 Dimension of a vector space:

If a vector space V has a basis consisting of n - vectors, then the number n is called the dimension of V denoted
by dim (V) =n. If V consists of the zero vector alone, the dimension of V is defined as zero.

2.6.1 Length of a Vector in R": The length of a vector V = (V1,V2,....Vy) in R"

isgivenby | V] = J(VZ+ V2 +- +V2) and

2.6.2 The distance between two vectorsuand vin R" is d(u,v) =||U— V ||

Furthermore

d(u,v) > \0; d(u,v) =0 iff u=v and d(u,v) =d(v,u).

and v = (v1, Vo, ...., Vi) is the scalar quantity
uv-= U1V1+U2V2+. .. +UnVn
2:7.2 Two Vectors uand v in R" are orthogonal if u.v=o.

2.8 Normalizing Vectors:

If V is a non-zero vector in R", then the vector u = v/ || v ||. with length 1 and has the same dimension as v.u is
called the unit vector in the direction of v. The process of finding the unit vector in the direction of v is called
normalizing the vector v.

2.9 Cross Product of two Vectors:

Let u = uji; + Uy + Usk and v = vii+ V + v be vectors in R3. The cross product of u and v is the vector uxv =
(U2Vs - UzV2)i - (Uivs - Usvi)j + (Uivz - Uvo)K e,

Uxv= i j k
Uz Uz us
Vi V2 V3

Inner Product Space
3.1.1 Letu,vand w be vectors in a vector space V and let ¢ be any scalar. An inner product on V is a function that
associates a real number <u,v> with each

pair of vectors u and v and satisfies the following axioms

<u,v> = <v,u>

<u,V + W> = <u,v> X <u,w>

¢ <u,v> = <cu, v> and

<u,v>>0and<v,v>=0 iff v=0

A vector space V with an inner product is called an inner product space.

3.1.2 Properties of inner Products

Let u, v and w be vectors in an inner product space V and let ¢ be any real number. Then
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<0,v>=<v,0>=0

<U +V, W> = <U, W> + <v,w>

<u,cv> = <u,v> .

Let u and v be vectors in an inner product space V,
The norm (length) of uis || U ||= V<uu>

The distance between u and visd (u,v) = || u—v ||. The angle between two nonzero vectors u and v is given by
Cos 6 =<uyv> , 0<6 <manduand v are orthogonal if <u,u>=0.

[Fa [[ff v I
3.2 Least Square Approximation

Let f be continuous on [a,b], and let w be a subspace of c[ab]. A function

gin wis called a least square approximation of f with respect to w if the value
of I:f:[ f(x) — g(x)]*]dx is a minimum with respect to all other functions w. If
the subspace w is the entire space c[a,b] then g(x) = f(x) and hence | = 0.

3.3 Now to approximate a function f by another function g where fis in c[a,b],
We choose g from a given subspace w of c[a,b]. One way to define how one
Function best approximates another function would be that "the area bounded by
the graph of fand g in [a,b] i.e.

Area =['[ f(x) — g(x) I dx

The function g is the least square approximation of f with respect to the

inner product space w.

Certain functions may be represented as the sum of a converged infinite

series.. If the function f(x) is periodic say f(x +2lI) = f(x) for all x, one very good
way of representing the function is by a trigonometric series.

Such a series is of the form

(o)
24 Z (an cos ﬂ) bn sin T - - - o e (i)
2 n=o L 1
Or
370 + Y ,cosnx+bnsinnx-------------------- (i)

Where the period is 27
Suppose that the following integrals exist

. d
an= 1 [ if(x) cos™=Zn=0,12_____________

nnx dx
l

ba 7 [, if(x) Sin .n=o 12 __ (iv)
The numbers ao, a1, ---, b1, by, ..., are called the Fourier coefficients of the
function f(x) and the series ao + oo [an, cOS NX + bn sin nx] i.e. (ii) is

called Fourier series of f.

In Fourier approximation, we consider the functions of the form
g(X)=ao/2+aicosx + .... + @ €0S NX + b1Sin X + by sin nx

in the subspace W of ¢[0,2n] spanned by the basis

s={1, Cos x, Cos 2x, ..., Cos nx, sin x, sin 2x,... Sin X

where the 2n +1 vectors are orthogonal in the inner product space c[0,27]

because (f. g) = [" f(x) g(x) dx = 0, f# g.
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Normalizing each function in the basis, gives the orthogonal basis.
B = {W01 Wi, ... Wy, Wh.g, ... WZn}:

—+—cosx COS nx, smx Lsin nx
{ VI Y }

"\/—

With theoren 4.1 below together with the orthogonal basis, we write

g(x) = <f, wo> Wy + <f, wi> wy +... + <f, wan> wop.

The coefficients ao, a1, ... an, by, ...,bn for g(x) is the equation

g(x) = a0/2 + a1 cos X + ... + a, cos nx + by sin x + ... + by sin nx are given by the following integrals.

27 2 _x 21

a0=(f,wo) === ["f(x) = dx == [ f(x)dx

a1 = (f, wo ) % - % foznf(x) % cosxdx :% foznf(x) cosxdx
a=(f,wo) === [ f(x) = sinnxdx == [ f(x) sin nxdx

g(x) is the nth order Fourier approximation of f on the interval [o, 2x].

Theorems

4.1 Theorem: Least square approximation.

Let f be continuous on [a,b] and let w be a finite dimensional subspace of c[a,b]. The least square approximating
function of f with respect to w is given by g=<fwew;+<f,wo>wo+... +<f w,,> w,
Where B={w;,w,, ..., W,y isanorthogonal basis for w.

4.2 Fourier Approximation

On the interval [0, 27], the least square approximation of a continuous
function f with respect to V, the vector space spanned by

{1, cosx, ..., €os nx, sin x, ... sin nx} is given by

g(x)=ao+ai cos x+... +a,,cosnx+bi ... bn are

a = %foznf(x)dx, 3= % ST £ () f (X)cos jx dx,

1

by == JIT Fof(sinjxdx, j=1.2,..n

4.3.1 Proposition: Suppose that f(x) is piecewise continuous in a <x < b, then f (X) is bounded there.
4.:3.2 If the function g(x) is piecewise continuous in the interval a <x < b. Then

the integral 1(2) = fab g (.£) sin A t dt tends to zero as A —
ie. lim 1(2) = [7 g () sin At dt.

Illustration

Obtain the approximation of g(x) = ap+aix+a; x? for f(x) = e*, 0<x <1

To obtain this approximation g(x), we need to find the value of a,, a and
a. that minimizes the value of

1= f, If(x) - 90T dx.
iel= f01 e [- (ao+aix+azx?)] 2dx
| = fol(e" - do- AIX- élzX2 )2 dx

Integrating and setting the partial derivation of | with respect to a,, ai, a; equal to zero ie.
6ao,+ 3a; +2a, - 6e + 6 (i)
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Baot 4a; +3a2 - 12 (II)

203+ 15a; + 12,12- 60e + 120 ---------------- (iii)

i.e. (i), (ii) and (iii) becomes

6ao+ 3a1 +2a2- 6 (e - 1) (iv)
6aot+ 4ay, +3az = 12 ----- ---- (V)
20a0 + 15a;1 + 12a2=60 (e -12) --------=----m----- (vi)
The solution of this system is

ao= - 105+ 39 =1.013 ---- (vii)
a1 =588 - 216e = 0.851 -----------m---m-mmmooeee- (viii)
a»=-570 + 210e = 0.839 --------------m-mommmm (ix)
Hence g(x) = 1.013 + 0.851x +0.839x? -------- (x)

Now expressing | in vector form is done using inner product.

(f.9) = J f()g(x)dx

Then with the inner product

| = [f() - gTPdx = <f-g,f-g>

=1f-gl

This is the least square approximation.

Now on the interval approximation square approximation of the
continuous function f with respect to the vector space spanned by

{1, cos X ..., €os nx, sin X, ... sin nx} --- (xi)

Is given by

a

g(x) =21 cosx+...+an COSNX+b1 SiNX+...+by SiNNX__-------- (xii)

i.e (gx) :%+a1 COSX +apCc0s2X + a,cos2 X in this problem
But a, = %fozn f(x)dx ,a1= %fozn f(x )cosxdx and  a; = %fozn f(x )cos2x d X

. 1 p2 1,2 1 p2
ie a=—["f(x)e*, ai--J e*cosxdx and a, ==/ " e*cos2xd x
w70 mv0 w70
Then,
12 2 .
a==[" e*dx ==sinbx
w0 T
1,2 2 .
a1 =~ ["e* cos2xdx = = sin bx
w0 T

1 /2w 2 .
a==["" e*cos2xdx = — sin bx
w0 5T

1 /2w 2 .
by==["" e*cos2xdx == sin X
w0 n

_1lc2m g . _ 4

b, = nfo e¥sin2xdx = —sinbx ...............(xiii)

--------------- (xiii)

Now using the results in (xiii) above with (xii) results to

T* (X) =2 sin hn [_% - icos X +_%_sin X+ % oS 2X - gsin 2X] ------ (xiv)

(xiv) is the best approximation for the problem.
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Summary/ Conclusion

If the function f isanelement and S is a subset of a normed linear space X,then given an element
s* of S, the approximation problem states that we need find an element of S that is as close as possible to
f such that
If-s" < |[f-S|| vs'€S
The Fourier approximation has been applied using the inner product space to obtain the best approximate of
a given polynomials in a given interval.
Relevant terms in vector space, inner product and least square approximations
are defined and related to the Fourier approximation. Theorems/propositions are stated and an illustrative
example included. It has been shown that the best approximation to problem solutions can be obtained by
the method discussed above.
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