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ABSTRACT 
In this study, we introduce the reduced Euler SomborBanhatti index, neighborhood Euler SomborBanhatti 

index, KV Euler SomborBanhatti index, delta Euler SomborBanhatti index, Revan Euler SomborBanhatti index, 

leap Euler SomborBanhatti index, status Euler SomborBanhatti index, ve-degree Euler SomborBanhatti index, 

Kulli-Basava Euler SomborBanhatti index, domination Euler SomborBanhatti index, temperature Euler 

SomborBanhatti index, Euler Sombor E-Banhatti index and their corresponding exponentials of a graph. 

Furthermore, we compute these indices and their corresponding exponentials for some graphs. 

 
KEYWORDS:Euler Sombor index, modified Euler Sombor index, graph. 

1. INTRODUCTION 
Let G be a finite, simple, connected graph with vertex set V(G) and edge set E(G). The degree du of a vertex u is 

the number of vertices adjacent to u. Let (G) (δ(G)) denote the maximum (minimum) degree among the 

vertices of G. We refer [1] for undefined notations and terminologies. 

Graph indices [2] have their applications in various disciplines of Science and Technology.  

 

 

2. EULER SOMBOR INDEX 
The Euler Sombor index [3] or Nirmala alpha Gourava index [4] of a graph G is defined as 

( )
( )

2 2 .u v u v

uv E G

EU G d d d d


= + +
 

Considering the Euler Sombor index, the Euler Sombor exponential [4] of a graph G is defined as 

( )
( )

2 2

, .u v u vd d d d

uv E G

EU G x x
+ +



=   

The modified Euler Sombor index [4] of a graph G is defined as  

( )
( ) 2 2

1
.m

uv E G u v u v

EU G
d d d d

=
+ +


 

Considering the modified Euler Sombor index, the modified Euler Sombor exponential [4] of a graph G is 

defined as 

( )
( )

2 2

1

, .u v u vd d d dm

uv E G

EU G x x
+ +



=   

Recently, some Sombor indices were studied in [5-22]. 

   

RESULTS FOR HC5C7[p,q] NANOTUBES 

In this section, we focus on the family of nanotubes, denoted by HC5C7[p,q], in which p is the number of 

heptagons in the first row and q rows of pentagons repeated alternately. Let G be the graph of a nanotube 

HC5C7[p,q]. 
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Figure 1. The 2-D lattice of nanotubeHC5C7 [8, 4] 

 

The 2-D lattice of nanotube HC5C7[p, q] is shown in Figure 1.By calculation, we obtain that G has 4pq vertices 

and 6pq – p edges. The graph G has two types of edges based on the degree of end vertices of each edge as 

given in Table 1. 

 

 

 

 

 

 
                                  Table 1. Edge partition of HC5C7[p, q] 

 

Theorem 2.1.LetG be the graph of a nanotube HC5C7[p, q].Then  

 ( ) ( )6 27 4 19 5 27 .EU G pq p= + −  
 

Proof: From definition and by using Table 1, we deduce  

( )
( )

2 2

u v u v

uv E G

EU G d d d d


= + +  

( )2 2 2 24 2 3 2 3 6 5 3 3 3 3p pq p= + +  + − + + 

 ( )6 27 4 19 5 27 .pq p= + −
 

Theorem 2.2.LetG be the graph of a nanotube HC5C7[p, q].Then  

( ) ( )19 27, 4 6 5 .EU G x px pq p x= + −  

Proof: From definition and by using Table 1, we obtain  

( )
( )

2 2

, u v u vd d d d

uv E G

EU G x x
+ +



= 
 

( )
2 2 2 22 3 2 3 3 3 3 34 6 5px pq p x+ +  + + = + −

 

( )19 274 6 5 .px pq p x= + −
 

Theorem 2.3.LetG be the graph of a nanotube HC5C7[p, q].Then  

 ( )
6 4 5

.
27 19 27

m pq p p
EU G = + −   

Proof: From definition and by using Table 1, we deduce  

( )
( )

2 2

1m

uv E G
u v u v

EU G
d d d d

=
+ +

  

2 2 2 2

4 6 5

2 3 2 3 3 3 3 3

p pq p−
= +

+ +  + +   
6 4 5

.
27 19 27

pq p p
= + −

 

  du, du /uv  E(G) Number of edges 

(2, 3) 4p 

(3, 3) 6pq –5p  

http://www.ijesrt.com/
http://creativecommons.org/licenses/by/4.0/
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Theorem 2.4.LetG be the graph of a nanotube HC5C7[p, q].Then  

( ) ( )
1 1

19 27, 4 6 5 .m EU G x px pq p x= + −  

Proof: From definition and by using Table 1, we get  

( )
( )

2 2

1

, u v u vd d d dm

uv E G

EU G x x
+ +



= 
 

( )
2 2 2 2

1 1

2 3 2 3 3 3 3 34 6 5px pq p x+ +  + + = + −
 

( )
1 1

19 274 6 5 .px pq p x= + −
 

 

3. REDUCED EULER SOMBOR BANHATTI INDEX 
We introduce a new graph index defined as 

( ) ( ) ( ) ( ) ( )
( )

2 2
1 1 1 1u u u v

uv E G

REEU G d d d d


= − + − + − −
 

which we propose to be named as reduced Euler SomborBanhatti index.

 Considering the reduced Euler SomborBanhatti index, we introduce the reduced Euler SomborBanhatti 

exponential of a graph G and defined it as 

 

( ) ( ) ( ) ( )( )

( )

2 2
1 1 1 1

, .u u u vd d d d

uv E G

REEU G x x
− + − + − −



=   

We define the modified reduced Euler SomborBanhatti index of a graph G as  

( )

( ) ( ) ( ) ( )( ) 2 2

1
.

1 1 1 1

m

uv E G
u u u v

REEU G

d d d d

=

− + − + − −
  

Considering the modified reduced Euler SomborBanhatti index, we introduce the modified reduced Euler 

SomborBanhatti exponential of a graph G and defined it as 

( ) ( ) ( ) ( )( )

( )

2 2

1

1 1 1 1
, .u u u vd d d dm

uv E G

REEU G x x
− + − + − −



= 
 

 

RESULTS FOR HC5C7[p,q] NANOTUBES 

Theorem 3.1.LetG be the graph of a nanotube HC5C7[p, q].Then  

 ( ) ( )6 12 4 7 5 12 .REEU G pq p= + −   

Proof: From definition and by using Table 1, we obtain  

( ) ( ) ( ) ( ) ( )
( )

2 2
1 1 1 1u u u v

uv E G

REEU G d d d d


= − + − + − −  

( )2 2 2 24 1 2 1 2 6 5 2 2 2 2p pq p= + +  + − + + 

 ( )6 12 4 7 5 12 .pq p= + −
 

Theorem 3.2.LetG be the graph of a nanotube HC5C7[p, q].Then  

( ) ( )7 12, 4 6 5 .REEU G x px pq p x= + −  

Proof: From definition and by using Table 1, we deduce  

( ) ( ) ( ) ( )( )

( )

2 2
1 1 1 1

, u u u vd d d d

uv E G

REEU G x x
− + − + − −



= 
 

( )
2 2 2 21 2 1 2 2 2 2 24 6 5px pq p x+ +  + + = + −
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( )7 124 6 5 .px pq p x= + −
 

Theorem 3.3.LetG be the graph of a nanotube HC5C7[p, q].Then  

 ( )
6 4 5

.
12 7 12

m pq p p
REEU G = + −   

Proof: From definition and by using Table 1, we get  

( )

( ) ( ) ( ) ( )( )
2 2

1

1 1 1 1

m

uv E G
u u u v

REEU G

d d d d

=

− + − + − −
  

2 2 2 2

4 6 5

1 2 1 2 2 2 2 2

p pq p−
= +

+ +  + +   
6 4 5

.
12 7 12

pq p p
= + −

 

Theorem 3.4.LetG be the graph of a nanotube HC5C7[p, q].Then  

( ) ( )
1 1

7 12, 4 6 5 .m REEU G x px pq p x= + −  

Proof: From definition and by using Table 1, we deduce  

( ) ( ) ( ) ( )( )

( )

2 2

1

1 1 1 1
, u u u vd d d dm

uv E G

REEU G x x
− + − + − −



= 
 

( )
2 2 2 2

1 1

1 2 1 2 2 2 2 24 6 5px pq p x+ +  + + = + −
 

( )
1 1

7 124 6 5 .px pq p x= + −
 

 

4. NEIGHTBORHOOD EULER SOMBOR BANHATTI INDEX 
Let Sudenote the sum of the degrees of all vertices adjacent to a vertex u. 

We put forward a new index defined as 

( )
( )

2 2
u v u v

uv E G

NEU G S S S S


= + +
 

which we propose to be named as neighborhood Euler SomborBanhatti index. 

Considering the neighborhood Euler SomborBanhatti index, we introduce the neighborhood Euler 

SomborBanhatti exponential of a graph G and defined it as 

( )
( )

2 2

, .u v u vS S S S

uv E G

NEU G x x
+ +



=   

We put forward the modified neighborhood Euler SomborBanhatti index of a graph G and defined it as  

( )
( ) 2 2

1
.m

uv E G u v u v

NEU G
S S S S

=
+ +

  

Considering the modified neighborhood Euler SomborBanhatti index, we introduce the modified neighborhood 

Euler SomborBanhatti exponential of a graph G and defined it as 

( )
( )

2 2

1

, .u v u vS S S Sm

uv E G

NEU G x x
+ +



= 
 

Recently, some neighborhood indices were studied in [23-32]. 

 

RESULTS FOR NANOCONES Cn[k] 

We consider nanoconesCn[k]. The molecular structure of C4[2] is shown in Figure 2. 
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Figure 2. The molecular structure of C4[2] 

Let G be the molecular structure of Cn[k]. By calculation, G has n(k+1)2 vertices and ( )( )1 3 2
2

n
k k+ +  edges. 

Also by calculation, we obtain that G has five types of edges based on SG(u) and SG(v) the degrees of end 

vertices of each edge as given in Table 2. 

 

SG(u), SG(v) \ uv  E(G) Number of edges 

(5, 5) n 

(5, 7) 2n 

(6, 7) 2(k– 1)n 

(7, 9) nk 

(9, 9) 
( )3 1

2

nk
k −  

 
Table 2. Edge partition of Cn[k] based on SG(u), SG(v) 

 

Theorem 4.1.LetG be the graph of a nanocone Cn[k].Then  

( ) ( ) ( )75 2 109 2 1 127 193 3 1 243.
2

nk
NEU G n n k n nk k== + + + − + + −   

Proof: From definition and by using Table 2, we deduce  

( )
( )

2 2

u v u v

uv E G

NEU G S S S S


= + +  

( )2 2 2 2 2 25 5 5 5 2 5 7 5 7 2 1 6 7 6 7n n k n= + +  + + +  + − + + 
 

( )2 2 2 27 9 7 9 3 1 9 9 9 9
2

nk
nk k+ + +  + − + + 

 

( ) ( )75 2 109 2 1 127 193 3 1 243.
2

nk
n n k n nk k= + + + − + + −

 
Theorem 4.2.LetG be the graph of a nanoconeCn[k].Then  

( ) ( ) ( )75 109 127 193 243, 2 2 1 3 1 .
2

nk
NEU G x nx nx k nx nkx k x= + + − + + −  

Proof: From definition and by using Table 2, we obtain 

( )
( )

2 2

, u v u vS S S S

uv E G

NEU G x x
+ +



= 
 

( )
2 2 2 2 2 25 5 5 5 5 7 5 7 6 7 6 72 2 1nx nx k nx+ +  + +  + + = + + −

 

( )
2 2 2 27 9 7 9 9 9 9 93 1

2

nk
nkx k x+ +  + + + + −

 

( ) ( )75 109 127 193 2432 2 1 3 1 .
2

nk
nx nx k nx nkx k x= + + − + + −
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Theorem 4.3.LetG be the graph of a nanoconeCn[k].Then 

( )
( ) ( )2 2 1 3 1

.
75 109 127 193 2 243

m n n k n nk nk k
NEU G

− −
= + + + +   

Proof: From definition and by using Table 2, we deduce  

( )
( )

2 2

1m

uv E G
u v u v

NEU G
S S S S

=
+ +

  

( )

2 2 2 2 2 2

2 2 1

5 5 5 5 5 7 5 7 6 7 6 7

n n k n−
= + +

+ +  + +  + +   
( )

2 2 2 2

3 1

7 9 7 9 2 9 9 9 9

nk nk k −
+ +

+ +  + +   
( ) ( )2 2 1 3 1

.
75 109 127 193 2 243

n n k n nk nk k− −
= + + + +

 
 

Theorem 4.4.LetG be the graph of a nanoconeCn[k].Then 

( ) ( ) ( )
1 1 1 1 1

75 109 127 193 243, 2 2 1 3 1 .
2

m nk
NEU G x nx nx k nx nkx k x= + + − + + −  

Proof: From definition and by using Table 2, we get  

( )
( )

2 2

1

, u v u vS S S Sm

uv E G

NEU G x x
+ +



= 
 

( )
2 2 2 2 2 2

1 1 1

5 5 5 5 5 7 5 7 6 7 6 72 2 1nx nx k nx+ +  + +  + + = + + −
 

( )
2 2 2 2

1 1

7 9 7 9 9 9 9 93 1
2

nk
nkx k x+ +  + + + + −

 

( ) ( )
1 1 1 1 1

75 109 127 193 2432 2 1 3 1 .
2

nk
nx nx k nx nkx k x= + + − + + −

 

 

5. KV EULER SOMBOR BANHATTI INDEX 

Let uM  denote the product of the degrees of all vertices adjacent to a vertex u. 

We introduce a new graph index defined as 

( )
( )

2 2
u v u v

uv E G

KVEU G M M M M


= + +
 

which we propose to be named as KV Euler SomborBanhatti index. 

 

Considering the KV Euler SomborBanhatti index, we introduce the KV Euler SomborBanhatti exponential of a 

graph G and defined it as 

( )
( )

2 2

, .u v u vM M M M

uv E G

KVEU G x x
+ +



=   

We define the modified KV Euler SomborBanhatti index of a graph G as  

( )
( ) 2 2

1
.m

uv E G u v u v

KVEU G
M M M M

=
+ +

  

Considering the modified KV Euler SomborBanhatti index, we introduce the modified KV Euler 

SomborBanhatti exponential of a graph G and defined it as 
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( )
( )

2 2

1

, .u v u vM M M Mm

uv E G

KVEU G x x
+ +



= 
 

Recently, some KV indices were studied in [33-36]. 

 

RESULTS FOR POPAM DENDRIMERS 

The family of POPAM dendrimers is symbolized by POD2[n], where n is the steps of growth in this type of 

dendrimers. The graph of POD2[2] is shown in Figure 3. 

 

 
Figure 3. Graph of POD2[2] 

 

Let G = POD2[n]. By calculation, we have |V(G)| = 2n+5 – 10 and |E(G)| = 2n+5 – 11. 

Let G = POD2[n] be a POPAM dendrimer with 2n+5 – 11 edges. The edge partition of POD2[n] based on 

the degree product of neighbors of end vertices of each edge is as follows: 

E1 = { uv∈ E(G) | Mu  = Mv = 2 },       |E1| = 2n+2. 

E2 = { uv∈ E(G) | Mu  = 2, Mv  = 4 },      |E2| = 2n+2. 

E3 = { uv∈ E(G) | Mu  = Mv= 4},        |E3| = 1.  

E4 = { uv∈ E(G) | Mu  = 4, Mv  = 6 },      |E4| = 3×2n – 6. 

E5 = { uv∈ E(G) | Mu  = 6, Mv  = 8 },      |E5| = 3×2n – 6. 

 

Theorem 5.1.LetG be the graph of a POPAM dendrimer POD2[n]. Then  

( ) ( ) ( )2 22 12 2 28 1 48 3 2  6 76 3 2  6 148.n n n nKVEU G + += + + +  − +  −   

Proof: From definition, we get  

( )
( )

2 2

u v u v

uv E G

KVEU G M M M M


= + +  

2 2 2 2 2 2 2 22 2 2 2 2 2 2 4 2 4 1 4 4 4 4n n+ += + +  + + +  + + +   

( ) ( )2 2 2 23 2  6 4 6 4 6 3 2  6 6 8 6 8n n+  − + +  +  − + + 
 

( ) ( )2 22 12 2 28 1 48 3 2  6 76 3 2  6 148.n n n n+ += + + +  − +  −

 Theorem 5.2.LetG be the graph of a POPAM dendrimer POD2[n]. Then  

( ) ( ) ( )2 12 2 28 48 76 148, 2 2 1 3 2  6 3 2  6 .n n n nKVEU G x x x x x x+ += + + +  − +  −  

Proof: From definition, we derive 

( )
( )

2 2

, u v u vM M M M

uv E G

KVEU G x x
+ +



= 
 

2 2 2 2 2 22 2 2 2 2 2 2 4 2 4 4 4 4 42 2 1n nx x x+ + +  + + +  + + = + +
 

( ) ( )
2 2 2 24 6 4 6 6 8 6 83 2  6 3 2  6n nx x+ +  + + +  − +  −
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( ) ( )2 12 2 28 48 76 1482 2 1 3 2  6 3 2  6 .n n n nx x x x x+ += + + +  − +  −
 

Theorem 5.3.LetG be the graph of a POPAM dendrimer POD2[n].Then  

( )
2 22 2 1 3 2  6 3 2  6

.
12 28 48 76 148

n n n n
m KVEU G

+ +  −  −
= + + + +   

Proof: From definition, we obtain  

( )
( )

2 2

1m

uv E G
u v u v

KVEU G
M M M M

=
+ +

  

2 2

2 2 2 2 2 2

2 2 1

2 2 2 2 2 4 2 4 4 4 4 4

n n+ +

= + +

+ +  + +  + +   

2 2 2 2

3 2  6 3 2  6

4 6 4 6 6 8 6 8

n n −  −
+ +

+ +  + +   
2 22 2 1 3 2  6 3 2  6

.
12 28 48 76 148

n n n n+ +  −  −
= + + + +

 
 

Theorem 5.4.LetG be the graph of a POPAM dendrimer POD2[n].Then  

( ) ( ) ( )
1 1 1 11

2 2 28 48 76 14812, 2 2 1 3 2  6 3 2  6 .m n n n nKVEU G x x x x x x+ += + + +  − +  −  

Proof: From definition, we deduce 

( )
( )

2 2

1

, u v u vM M M Mm

uv E G

KVEU G x x
+ +



= 
 

2 2 2 2 2 2

1 1 1

2 22 2 2 2 2 4 2 4 4 4 4 42 2 1n nx x x+ ++ +  + +  + + = + +
 

( ) ( )2 2 2 2

1 1

4 6 4 6 6 8 6 83 2  6 3 2  6n nx x+ +  + + +  − +  −
 

( ) ( )
1 1 1 11

2 2 28 48 76 148122 2 1 3 2  6 3 2  6 .n n n nx x x x x+ += + + +  − +  −
 

 

6. DELTA EULER SOMBOR BANHATTI INDEX 
The δ vertex degree was defined in [37] as 

 ( ) ( ) 1.u Gd u G = − +
 

The above definition motivates us to introduce a new graph index, defined as 

( )
( )

2 2
u v u v

uv E G

EU G    


= + +
 

which we propose to be named as delta Euler SomborBanhatti index. 

Considering the delta Euler SomborBanhatti index, we introduce the delta Euler SomborBanhatti exponential of 

a graph G and defined it as 

( )
( )

2 2

, .u v u v

uv E G

EU G x x
   


+ +



=   

We define the modified Euler SomborBanhatti index of a graph G as  

( )
( ) 2 2

1
.m

uv E G u v u v

EU G
   

=
+ +

  

Considering the modified delta Euler SomborBanhatti index, we introduce the modified delta Euler 

SomborBanhatti exponential of a graph G and defined it as 
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( )
( )

2 2

1

, .u v u vm

uv E G

EU G x x
   


+ +



= 
 

Recently, some delta indices were studied in [37-45]. 

 

RESULTS FOR HC5C7[p,q] NANOTUBES 

From Figure 1, we have δ(G)=2. Therefore 𝛿u =du – δ(G) + 1 =du – 1. Thus there are two types of 𝛿-edges as 

given in Table 3. 

 

 u,v\ uv  E(G) Number of edges 

(1, 2) 4p 

(2, 2) 6pq –5p  

Table 3. 𝜹-edge partition of HC5C7[p, q] 

 

Theorem 6.1.LetG be the graph of a nanotube HC5C7[p, q].Then  

 ( ) ( )6 12 4 7 5 12 .EU G pq p = + −   

Proof: From definition and by using Table 3, we deduce  

( )
( )

2 2

u v u v

uv E G

EU G    


= + +  

( )2 2 2 24 1 2 1 2 6 5 2 2 2 2p pq p= + +  + − + + 

 ( )6 12 4 7 5 12 .pq p= + −
 

Theorem 6.2.LetG be the graph of a nanotube HC5C7[p, q].Then  

( ) ( )7 12, 4 6 5 .EU G x px pq p x = + −  

Proof: From definition and by using Table 3, we derive 

( )
( )

2 2

, u v u v

uv E G

EU G x x
   


+ +



= 
 

( )
2 2 2 21 2 1 2 2 2 2 24 6 5px pq p x+ +  + + = + −

 

 = ( )7 124 6 5 .px pq p x+ −
 

Theorem 6.3.LetG be the graph of a nanotube HC5C7[p, q].Then  

 ( )
6 4 5

.
12 7 12

m pq p p
EU G = + −   

Proof: From definition and by using Table 3, we obtain  

( )
( )

2 2

1m

uv E G
u v u v

EU G
   

=
+ +

  

2 2 2 2

4 6 5

1 2 1 2 2 2 2 2

p pq p−
= +

+ +  + + 
 

6 4 5
.

12 7 12

pq p p
= + −

 

Theorem 6.4.LetG be the graph of a nanotube HC5C7[p, q].Then  

( ) ( )
1 1

7 12, 4 6 5 .m EU G x px pq p x = + −  

Proof: From definition and by using Table 3, we deduce  
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( )
( )

2 2

1

, u v u vm

uv E G

EU G x x
   


+ +



= 
 

( )
2 2 2 2

1 1

1 2 1 2 2 2 2 24 6 5px pq p x+ +  + + = + −
 

 = ( )
1 1

7 124 6 5 .px pq p x+ −
 

 

7. REVAN EULER SOMBOR BANHATTI INDEX 
The Revan vertex degree [51] of a vertex u in G is defined as  

ru = (G) +δ(G)– du.  

The Revan edge connecting the Revan vertices u and v will be denoted by uv 

 

The above definition motivates us to introduce a new index, defined as 

( )
( )

2 2
u v u v

uv E G

REU G r r r r


= + +
 

which we propose to be named as Revan Euler SomborBanhatti index. 

 

Considering the Revan Euler SomborBanhatti index, we propose the Revan Euler SomborBanhatti exponential 

of a graph G and defined it as 

( )
( )

2 2

, .u v u vr r r r

uv E G

REU G x x
+ +



=   

We define the modified Revan Euler SomborBanhatti index of a graph G as  

( )
( ) 2 2

1
.m

uv E G u v u v

REU G
r r r r

=
+ +

  

Considering the modified Revan Euler SomborBanhatti index, we introduce the modified Revan Euler 

SomborBanhatti exponential of a graph G and defined it as 

( )
( )

2 2

1

, .u v u vr r r rm

uv E G

REU G x x
+ +



= 
 

Recently, some Revan indices were studied in [46-59]. 

 

RESULTS FOR OXIDE NETWORKS 

An oxide network of n is symbolized by OXn. These networks are of vital importance in the study of silicate 

networks. An oxide network of dimension five is shown in Figure 4. 

 

 
Figure 4. 5-dimensional oxide network 
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Let G be the graph of oxide network OXn with 9n2 + 3n vertices and 18n2 edges. From Figure 4, it is easy to see 

that the vertices of OXn are either of degree 2 or 4. Thus ∆(G) = 4, δ(G) = 2. In G, there are two types of edges 

as follows: 

E1 = {uv∈E(G)| du =2,  dv = 4}, |E1| = 12n. 

    E2 = {uv∈E(G)| du = dv = 4}, |E2| =18n2 – 12n. 

We have ru = ∆(G) + δ(G) – du = 6 – du. 

   RE1 = {uv∈E(G) | ru =4,  rv = 2}, |RE1| = 12n. 

   RE2 = {uv∈E(G) | ru = rv = 2}, |RE2| = 18n2 – 12n. 

Theorem 7.1.LetG be the graph of a oxide network OXn. Then  

 ( ) 218 12 12 28 12 12 .REU G n n n= + −   

Proof: From definition, we deduce  

( )
( )

2 2

u v u v

uv E G

REU G r r r r


= + +  

( )2 2 2 2 212 4 2 4 2 18 12 2 2 2 2n n n= + +  + − + + 

 218 12 12 28 12 12 .n n n= + −
 

Theorem 7.2.LetG be the graph of a nanotube HC5C7[p, q].Then  

( ) ( )28 2 12, 12 18 12 .REU G x nx n n x= + −  

Proof: From definition, we get  

( )
( )

2 2

, u v u vr r r r

uv E G

REU G x x
+ +



= 
 

( )
2 2 2 24 2 4 2 2 2 2 2 212 18 12nx n n x+ +  + + = + −

 

( )28 2 1212 18 12 .nx n n x= + −
 

Theorem 7.3.LetG be the graph of a nanotube HC5C7[p, q].Then  

( )
218 12 12

.
12 28 12

m n n n
REU G = + −   

Proof: From definition, we deduce  

( )
( )

2 2

1m

uv E G
u v u v

REU G
r r r r

=
+ +

  

2

2 2 2 2

12 18 12

4 2 4 2 2 2 2 2

n n n−
= +

+ +  + +   
218 12 12

.
12 28 12

n n n
= + −

 

Theorem 7.4.LetG be the graph of a nanotube HC5C7[p, q].Then  

( ) ( )
1 1

28 122, 12 18 12 .m x xREU G x nx n n x= + −  

Proof: From definition, we obtain 

( )
( )

2 2

1

, u v u vr r r rm

uv E G

REU G x x
+ +



= 
 

( )2 2 2 2

1 1

24 2 4 2 2 2 2 212 18 12nx n n x+ +  + + = + −
 

( )
1 1

228 1212 18 12 .nx n n x= + −  
 

8. REVERSE EULER SOMBOR INDEX 
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The reverse vertex degree of a vertex v in G is defined as 
 

   cu = (G) – du+1.  

The reverse edge connecting the reverse vertices u and v will be denoted by uv.  

 

The reverse Euler Sombor index [ ] of a graph G is defined as  

( )
( )

2 2 .u v u v

uv E G

CEU G c c c c


= + +  

Considering the reverse Euler Sombor index, we introduce the reverse Euler Sombor exponential of a graph G 

and defined it as 

( )
( )

2 2

, .u v u vc c c c

uv E G

CEU G x x
+ +



= 
 

We define the modified reverse Euler Sombor index of a graph G as  

( )
( ) 2 2

1
.m

uv E G u v u v

CEU G
c c c c

=
+ +


 

Considering the modified reverse Euler Sombor index, we introduce the modified reverse Euler Sombor 

exponential of a graph G and defined it as 

( )
( )

2 2

1

, .u v u vc c c cm

uv E G

CEU G x x
+ +



= 
 

Recently, some reverse indices were studied in [60-71]. 

 

RESULTS FOR HONEYCOMB NETWORKS 

Honeycomb networks are useful in Computer Graphics and Chemistry. A honeycomb network of dimension n is 

denoted by HCn, where n is the number of hexagons between central and boundary hexagon. A 4-dimensional 

honeycomb network is shown in Figure 5. 

 

 
Figure 5. A 4-dimensional honeycomb network 

 

Let G be the graph of a honeycomb network HCn. From Figure 5, it is easy to see that ∆(G) = 3. Therefore cu = 

∆(G) – dG(u) + 1 = 4 – dG(u). By calculation, we obtain that G has 6n2 vertices and 9n2–3n edges. In G, by 

algebraic method, there are three types of edges based on the degree of end vertices of each edge as follows: 

 E22 = {uv∈ E(G) | dG(u) =dG(v) = 2},  |E22| = 6. 

 E23 = {uv∈ E(G) | dG(u) = 2,dG(v) = 3},          |E23| = 12n – 12. 

 E33 = {uv∈ E(G) | dG(u) = dG(v) = 3},  |E33| = 9n2 – 15n + 6. 

 

 

 Thus there are three types of reverse edges as given in Table 4. 
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cu, cv\ uv  E(G) Number of edges 

                 (2, 2) 6  

                 (2, 1) 12n – 12 

  (1, 1) 9n2 – 15n + 6 

                                    
Table 4. Reverse edge partition of HCn 

 
Theorem 8.1.LetG be the graph of a honeycomb network HCn. Then  

 ( ) 29 3 12 7 15 3 6 12 12 7 6 3.CEU G n n n= + − + − +   

Proof: From definition and by using Table 4, we deduce  

( )
( )

2 2

u v u v

uv E G

CEU G c c c c


= + +  

( )2 2 2 26 2 2 2 2 12 12 2 1 2 1n= + +  + − + +   

( )2 2 29 15 6 1 1 1 1n n+ − + + +   
29 3 12 7 15 3 6 12 12 7 6 3.n n n= + − + − +

 
Theorem 8.2.LetG be the graph of a honeycomb network HCn. Then  

( ) ( ) ( )12 7 2 3, 6 12 12 9 15 6 .CEU G x x n x n n x= + − + − +  

Proof: From definition and by using Table 4, we obtain  

( )
( )

2 2

, u v u vc c c c

uv E G

CEU G x x
+ +



= 
 

( ) ( )
2 2 2 2 2 22 2 2 2 2 1 2 1 2 1 1 1 16 12 12 9 15 6x n x n n x+ +  + +  + + = + − + − +

 

( ) ( )12 7 2 36 12 12 9 15 6 .x n x n n x= + − + − +
 

Theorem 8.3.LetG be the graph of a honeycomb network HCn. Then  

 ( )
29 12 15 6 12 6

.
3 7 3 12 7 3

m n n n
CEU G = + − + − +   

Proof: From definition and by using Table 4, we deduce  

( )
( )

2 2

1m

uv E G
u v u v

CEU G
c c c c

=
+ +

  

2

2 2 2 2 2 2

6 12 12 9 15 6

2 2 2 2 2 1 2 1 1 1 1 1

n n n− − +
= + +

+ +  + +  + +   
29 12 15 6 12 6

.
3 7 3 12 7 3

n n n
= + − + − +

 

Theorem 8.4.LetG be the graph of a honeycomb network HCn. Then  

( ) ( ) ( )
1 11

27 3122, 6 12 12 9 15 6 .m CEU G x x n x n n x= + − + − +  

Proof: From definition and by using Table 4, we get 

( )
( )

2 2

1

, u v u vc c c cm

uv E G

CEU G x x
+ +



= 
 

( ) ( )2 2 2 2 2 2

1 1 1

22 2 2 2 2 1 2 1 1 1 1 16 12 12 9 15 6x n x n n x+ +  + +  + + = + − + − +
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( ) ( )
1 11

27 31226 12 12 9 15 6 .x n x n n x= + − + − +  
 

9. LEAP EULER SOMBOR BANHATTI INDEX  
The distance d(u,v) between any two vertices u and v of G is the number of edges in a shortest path connecting 

the vertices u and v. For a positive integer k, and a vertex v in G is the open neighborhood of v in G is defined as 

Nk(v/G)={u∈V(G) : d(u, v) = k}. The k-distance degree of a vertex v in G is the number of k neighbours of v in G 

and it is denoted by dk(v), see [86]. 

 

We introduce a new topological index, defined as 

( ) ( ) ( ) ( ) ( )
( )

2 2

2 2 2 2

uv E G

LEU G d u d v d u d v


= + +
 

which we propose to be named as leap Euler SomborBanhatti index. 

 

Considering the leap Euler Sombor index, we introduce the leap Euler SomborBanhatti exponential of a graph G 

and defined it as 

( )
( ) ( ) ( ) ( )

( )

2 2

2 2 2 2, .
d u d v d u d v

uv E G

LEU G x x
+ +



= 
 

We define the modified leap Euler SomborBanhatti index of a graph G as  

( )

( ) ( ) ( ) ( )( ) 2 2

2 2 2 2

1
.m

uv E G

LEU G

d u d v d u d v

=

+ +


 
 

Considering the modified leap Euler SomborBanhatti index, we introduce the modified leap Euler 

SomborBanhatti exponential of a graph G and defined it as 

( )
( ) ( ) ( ) ( )

( )

2 2

2 2 2 2

1

, .
d u d v d u d vm

uv E G

LEU G x x
+ +



= 
 

Recently, some leap indices were studied in [72-86]. 

 

RESULTS FOR WHEEL GRAPHS 

The wheel Wn is defined to be the join of cycle Cn and complete graph K1. The wheel Wn has n+1vertices and 2n 

edges, see Figure 6. The vertex K1 is called apex and the vertices of Cn are called rim vertices. 

 

 
Figure 6. Wheel Wn 

 

In Wn, there are two types of the 2-distance degree of edges as follows: 

E1 = {uv∈E(Wn) | d2(u) = 0, d2(v) = n – 3},        |E1| = n. 
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E2 = {uv∈E(Wn) | d2(u) = d2(v) = n – 3},       |E2| = n. 

 

Theorem 9.1.LetG= Wn be the wheel graph. Then  

( ) ( ) ( )1 3 3 .LEU G n n= + −   

Proof: From definition, we obtain 

( ) ( ) ( ) ( ) ( )
( )

2 2

2 2 2 2

uv E G

LEU G d u d v d u d v


= + +  

( ) ( ) ( ) ( ) ( ) ( )2 2 220 3 0 3 3 3 3 3n n n n n n n n= + − +  − + − + − + −  −  

( ) ( )1 3 3 .n n= + −  
Theorem 9.2. Let G= Wnbe the wheel graph. Then  

( ) ( )3 3 3, .n nLEU G x nx nx− −= +
 

Proof: From definition, we deduce  

( )
( ) ( ) ( ) ( )

( )

2 2

2 2 2 2,
d u d v d u d v

uv E G

LEU G x x
+ +



= 
 

( ) ( ) ( ) ( ) ( ) ( )2 2 220 3 0 3 3 3 3 3n n n n n nnx nx+ − +  − − + − + −  −= +
 

( )3 3 3 .n nnx nx− −= +
 

Theorem 9.3. Let G= Wnbe the wheel graph. Then  

 ( )
( )

.
3 3 3

m n n
LEU G

n n
= +

− −
  

Proof: From definition, we deduce  

( )

( ) ( ) ( ) ( )( )
2 2

2 2 2 2

1m

uv E G

LEU G

d u d v d u d v

=

+ +
  

( ) ( ) ( ) ( ) ( ) ( )2 2 220 3 0 3 3 3 3 3

n n

n n n n n n

= +

+ − +  − − + − + −  −  

( )
.

3 3 3

n n

n n
= +

− −
 

Theorem 9.4. Let G= Wnbe the wheel graph. Then  

( ) ( )

11

3 33, .m nnLEU G x nx nx −−= +  

Proof: From definition, we get  

( )
( ) ( ) ( ) ( )

( )

2 2

2 2 2 2

1

,
d u d v d u d vm

uv E G

LEU G x x
+ +



= 
 

( ) ( ) ( ) ( ) ( ) ( )2 2 22

1 1

0 3 0 3 3 3 3 3n n n n n nnx nx+ − +  − − + − + −  −= +
 

( )

11

3 33 .nnnx nx −−= +  
 

10. STATUS EULER SOMBOR BANHATTI INDEX 
The distance d(u, v) between any two vertices u and v is the length of shortest path connecting u and v. The 

status σ(u) [87] of a vertex u in G is the sum of distances of all other vertices from u in G.  

 

We put forward a new topological index, defined as 
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( ) ( ) ( ) ( ) ( )
( )

2 2

uv E G

SEU G u v u v   


= + +
 

which we propose to be named as status Euler SomborBanhatti index. 

 

Considering the status Euler SomborBanhatti index, we introduce the status Euler SomborBanhatti exponential 

of a graph G and defined it as 

( ) ( ) ( ) ( ) ( )

( )

2 2

, .u v u v

uv E G

SEU G x x    + +



= 
 

We define the modified status Euler SomborBanhatti index of a graph G as  

( )

( ) ( ) ( ) ( )( ) 2 2

1
.m

uv E G

SEU G

u v u v   

=

+ +


 
Considering the modified status Euler SomborBanhatti index, we introduce the modified status Euler 

SomborBanhatti exponential of a graph G and defined it as 

( ) ( ) ( ) ( ) ( )

( )

2 2

1

, .m u v u v

uv E G

SEU G x x    + +



= 
 

Recently, some status indices were studied in [87-101]. 

 

RESULTS FOR FRIENDSHIP GRAPHS 

A friendship graph Fn, n ≥ 2, is a graph that can be constructed by joining n copies of C3 with a common vertex. 

A graph F4 is presented in Figure 7. 

 

 
Figure 7. Friendship graph F4 

 

Let Fn be a friendship graph with 2n+1 vertices and 3n edges. By calculation, we obtain that there are two types 

of edges as follows: 

 ( ) ( ) ( ) 1 | 2 ,
n nn F FE uv E F d u d v=  = =  |E1| = n. 

 ( ) ( ) ( ) 2 | 2, 2 ,
n nn F FE uv E F d u d v n=  = =  |E2| = 2n. 

 

Therefore, in Fn, there are two types of status edges as given in Table 5. 

 

(u), (v) \ uv  E(Fn)  Number of edges 

(4n – 2, 4n – 2) n 

(2n , 4n – 2) 2n  

 

Table 5. Status edge partition of Fn 
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Theorem 10.1.LetG= Fnbe the friendship graph. Then  

( ) ( ) ( ) ( ) ( ) ( )
2 2

3 4 2 2 2 4 2 2 4 2 .SEU G n n n n n n n= − + + − +  −   

Proof: From definition and by using Table 5, we deduce  

( ) ( ) ( ) ( ) ( )
( )

2 2

uv E G

SEU G u v u v   


= + +  

( ) ( ) ( ) ( )2 2
4 2 4 2 4 2 4 2n n n n n= − + − + −  −  

( ) ( ) ( ) ( )2 2
2 2 4 2 2 4 2n n n n n+ + − +  −  

( ) ( ) ( ) ( ) ( )
2 2

3 4 2 2 2 4 2 2 4 2 .n n n n n n n= − + + − +  −  
Theorem 10.2.  Let G= Fn be the friendship graph. Then   

( ) ( ) ( ) ( ) ( ) ( )2 2
3 4 2 2 4 2 2 4 2, 2 .n n n n nSEU G x nx nx− + − +  −= +

 
Proof: From definition and by using Table 5, we deduce  

( ) ( ) ( ) ( ) ( )

( )

2 2

, u v u v

uv E G

SEU G x x    + +



= 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2
4 2 4 2 4 2 4 2 2 4 2 2 4 22n n n n n n n nnx nx− + − + −  − + − +  −= +

 
( ) ( ) ( ) ( ) ( )2 2

3 4 2 2 4 2 2 4 22 .n n n n nnx nx− + − +  −= +
 

 

Theorem 10.3. Let G= Fn be the friendship graph. Then   

( )
( ) ( ) ( ) ( ) ( )

2 2

2
. .

3 4 2 2 4 2 2 4 2

m n n
SEU G

n n n n n

= +
− + − +  −

  

Proof: From definition and by using Table 5, we obtain 

( )

( ) ( ) ( ) ( )( )
2 2

1m

uv E G

SEU G

u v u v   

=

+ +


 

( ) ( ) ( ) ( )2 2
4 2 4 2 4 2 4 2

n

n n n n

=

− + − + −  −  

( ) ( ) ( ) ( )2 2

2

2 4 2 2 4 2

n

n n n n

+

+ − +  −  

( ) ( ) ( ) ( ) ( )2 2

2
. .

3 4 2 2 4 2 2 4 2

n n

n n n n n

= +
− + − +  −  

 

Theorem 10.4. Let G= Fnbe the friendship graph. Then   

( ) ( ) ( ) ( ) ( ) ( )2 2

11

2 4 2 2 4 23 4 2, 2 .m n n n nnSEU G x nx nx + − +  −−= +  

Proof: From definition and by using Table 5, we get  

( ) ( ) ( ) ( ) ( )

( )

2 2

1

,m u v u v

uv E G

SEU G x x    + +



= 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2

1 1

4 2 4 2 4 2 4 2 2 4 2 2 4 22n n n n n n n nnx nx− + − + −  − + − +  −= +
 

( ) ( ) ( ) ( ) ( )2 2

11

2 4 2 2 4 23 4 2 2 .n n n nnnx nx + − +  −−= +  
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11. ve-DEGREE EULER SOMBOR BANHATTI INDEX 
The ve-degree dve(u) [102] of a vertex u in a graph G is the number of different edges that incident to any vertex 

from the closed neighborhood of u. 

We introduce a new topological index, defined as 

( ) ( ) ( ) ( ) ( )
( )

2 2

ve ve ve ve

uv E G

VEEU G d u d v d u d v


= + +
 

which we propose to be named as ve-degree Euler SomborBanhatti index. 

Considering the ve-degree Euler SomborBanhatti index, we introduce the ve-degree Euler SomborBanhatti 

exponential of a graph G and defined it as 

( ) ( ) ( ) ( ) ( )

( )

2 2

, .ve ve ve ved u d v d u d v

uv E G

VEEU G x x
+ +



= 
 

We define the modified ve-degree Euler SomborBanhatti index of a graph G as  

( )

( ) ( ) ( ) ( )( ) 2 2

1
.m

uv E G
ve ve ve ve

VEEU G

d u d v d u d v

=

+ +


 

Considering the modified ve-degree Euler SomborBanhatti index, we introduce the modified ve-degree Euler 

SomborBanhatti exponential of a graph G and defined it as 

( ) ( ) ( ) ( ) ( )

( )

2 2

1

, .ve ve ve ved u d v d u d vm

uv E G

VEEU G x x
+ +



= 
 

Recently, some ve-degree indices were studied in [102-113]. 

RESULTS FOR DOMINATING OXIDE NEETWORKS 

The family of dominating oxide networks is symbolized by DOX(n). The molecular structure of a dominating 

oxide network is presented in Figure 8. 

 

 
Figure 8. The structure of a dominating oxide network 

 

Ediz obtained the ve-degree partition of the end vertices of edges for dominating oxide networks in Table 6. 

 

(dve, dve) \uv∈E(G)  Number of edges 

(7, 10) 12n 

(7, 12) 12n–12 

(10, 10)  6 

(10, 12)  12n–12 

(12, 14)  24n–24 

(14, 14)  54n2– 114n+60   

Table 6. The ve-degree of the end vertices of edges for DOX networks 
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Theorem 11.1. Let G be the graph of DOX(n). Then    

( ) ( ) ( )2 219 12 12 277 6 300 12 12 364VEEU G n n n= + − + + −  

 ( ) ( )224 24 508 54 114 60 588.n n n+ − + − +  

Proof: From definition and by using Table 6, we deduce  

( ) ( ) ( ) ( ) ( )
( )

2 2

ve ve ve ve

uv E G

VEEU G d u d v d u d v


= + +  

( )2 2 2 2 2 22 7 10 7 10 12 12 7 12 7 12 6 10 10 10 10n n= + +  + − + +  + + +   

( ) ( )2 2 2 212 12 10 12 10 12 24 24 12 14 12 14n n+ − + +  + − + +   

( )2 2 254 114 60 14 14 14 14n n+ − + + +   
( ) ( )2 219 12 12 277 6 300 12 12 364n n n= + − + + −  

( ) ( )224 24 508 54 114 60 588.n n n+ − + − +  

Theorem 11.2.  Let G be the graph of DOX(n). Then  

( ) ( ) ( )219 277 300 364, 2 12 12 6 12 12VEEU G x nx n x x n x= + − + + −
 

( ) ( )508 2 58824 24 54 114 60 .n x n n x+ − + − +
 

Proof: From definition and by using Table 6, we derive  

( ) ( ) ( ) ( ) ( )

( )

2 2

, ve ve ve ved u d v d u d v

uv E G

VEEU G x x
+ +



= 
 

( )
2 2 2 2 2 27 10 7 10 7 12 7 12 10 10 10 102 12 12 6nx n x x+ +  + +  + + = + − +

 

( ) ( )
2 2 2 210 12 10 12 12 14 12 1412 12 24 24n x n x+ +  + + + − + −

 

( )
2 22 14 14 14 1454 114 60n n x + + + − +

 
( ) ( )219 277 300 3642 12 12 6 12 12nx n x x n x= + − + + −

 

( ) ( )508 2 58824 24 54 114 60 .n x n n x+ − + − +
 

Theorem 11.3. Let G be the graph of DOX(n). Then   

( )
22 12 12 6 12 12 24 24 54 114 60

.
219 277 300 364 508 588

m n n n n n n
VEEU G

− − − − +
= + + + + +   

Proof: From definition and by using Table 6, we obtain  

( )

( ) ( ) ( ) ( )( )
2 2

1m

uv E G
ve ve ve ve

VEEU G

d u d v d u d v

=

+ +


 

2 2 2 2 2 2

2 12 12 6

7 10 7 10 7 12 7 12 10 10 10 10

n n −
= + +

+ +  + +  + + 
 

2

2 2 2 2 2 2

12 12 24 24 54 114 60

10 12 10 12 12 14 12 14 14 14 14 14

n n n n− − − +
+ + +

+ +  + +  + + 
 

22 12 12 6 12 12 24 24 54 114 60
.

219 277 300 364 508 588

n n n n n n− − − − +
= + + + + +

 
Theorem 11.4. Let G be the graph of DOX(n). Then  

( ) ( ) ( )
1 1 1 1

219 277 300 364, 2 12 12 6 12 12mVEEU G x nx n x x n x= + − + + −
 

( ) ( )
1 1

2508 58824 24 54 114 60 .n x n n x+ − + − +
 

Proof: From definition and by using Table 6, we deduce  
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( ) ( ) ( ) ( ) ( )

( )

2 2

1

, ve ve ve ved u d v d u d vm

uv E G

VEEU G x x
+ +



= 
 

( )
2 2 2 2 2 2

1 1 1

7 10 7 10 7 12 7 12 10 10 10 102 12 12 6nx n x x+ +  + +  + + = + − +
 

( ) ( )
2 2 2 2

1 1

10 12 10 12 12 14 12 1412 12 24 24n x n x+ +  + + + − + −
 

( ) 2 2

1

2 14 14 14 1454 114 60n n x + + + − +
 

( ) ( )
1 1 1 1

219 277 300 3642 12 12 6 12 12nx n x x n x= + − + + −
 

( ) ( )
1 1

2508 58824 24 54 114 60 .n x n n x+ − + − +  

 

12. KULLI-BASSAVA EULER SOMBOR BANHATTI INDEX 
The degree of an edge e = uv in G is defined by dG(e)= du+ dv – 2. Let Se(u) [114] denote the sum of degrees of 

all edges incident to a vertex u.  

We propose a new topological index, defined as 

( ) ( ) ( ) ( ) ( )
( )

2 2

e e e e

uv E G

KBEU G S u S v S u S v


= + +
 

which we propose to be named as Kulli-Basava Euler SomborBanhatti index. 

Considering the Kulli-Basava Euler SomborBanhatti index, we introduce the Kulli-Basava Euler 

SomborBanhatti exponential of a graph G and defined it as 

( )
( ) ( ) ( ) ( )

( )

2 2

, .e e e eS u S v S u S v

uv E G

KBEU G x x
+ +



= 
 

We define the modified Kulli-Basava Euler SomborBanhatti index of a graph G as  

( )

( ) ( ) ( ) ( )( ) 2 2

1
.m

uv E G
e e e e

KBEU G

S u S v S u S v

=

+ +


 
Considering the modified Kulli-Basava Euler SomborBanhatti index, we introduce the modified Kulli-Basava 

Euler SomborBanhatti exponential of a graph G and defined it as 

( )
( ) ( ) ( ) ( )

( )

2 2

1

, .e e e eS u S v S u S vm

uv E G

KBEU G x x
+ +



= 
 

Recently, some Kulli-Basava indices were studied in [114-123]. 

 

RESULTS FOR WHEEL GRAPHS 

Recall, a wheel Wn is the join of K1 and Cn. Clearly Wn has n+1vertices and 2n edges.  
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Figure 9. Wheel Wn 

 

Let Wn be a wheel with n+1vertices and 2n edges, n≥3. Then 

 E1 = {uv∈ E(Wn)| Se(u) = n+9, (Se(v) = n(n+1)},  |E1| = n 

 E2 = {uv∈E(Wn)| Se(u) = n+9, (Se(v) = n + 9)},  |E2| = n. 

Theorem 12.1.LetG= Wn be the wheel graph. Then  

( ) ( ) ( ) ( ) ( ) ( )
22 2 29 9 3 9 .KBEU G n n n n n n n n n= + + + + + + + +   

Proof: From definition, we deduce  

( ) ( ) ( ) ( ) ( )
( )

2 2

e e e e

uv E G

KBEU G S u S v S u S v


= + +  

( ) ( ) ( ) ( )
22 2 29 9n n n n n n n= + + + + + +  

( ) ( ) ( ) ( )2 2
9 9 9 9n n n n n+ + + + + +  +  

( ) ( ) ( ) ( ) ( )
22 2 29 9 3 9 .n n n n n n n n n= + + + + + + + +  

Theorem 12.2. Let G= Wn be the wheel graph. Then  

( ) ( ) ( ) ( )( ) ( )
22 2 29 9 3 9, .n n n n n n nKBEU G x nx nx+ + + + + + += +

 
Proof: From definition, we deduce  

( )
( ) ( ) ( ) ( )

( )

2 2

, e e e eS u S v S u S v

uv E G

KBEU G x x
+ +



= 
 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
22 2 22 29 9 9 9 9 9n n n n n n n n n nnx nx+ + + + + + + + + + +  += +

 
( ) ( ) ( )( ) ( )

22 2 29 9 3 9 .n n n n n n nnx nx+ + + + + + += +
 

Theorem 12.3. Let G= Wn be the wheel graph. Then  

( )

( ) ( ) ( ) ( ) ( )22 2 2

.
3 99 9

m n n
KBEU G

nn n n n n n

= +
++ + + + + +

  

Proof: From definition, we deduce  

( )

( ) ( ) ( ) ( )( )
2 2

1m

uv E G
e e e e

KBEU G

S u S v S u S v

=

+ +
  

( ) ( ) ( ) ( )
22 2 29 9

n

n n n n n n

=

+ + + + + +  

( ) ( ) ( ) ( )2 2
9 9 9 9

n

n n n n

+

+ + + + +  +  
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( ) ( ) ( ) ( ) ( )22 2 2

.
3 9

9 9

n n

n
n n n n n n

= +
+

+ + + + + +  

Theorem 12.4. Let G= Wn be the wheel graph. Then  

( ) ( ) ( ) ( )( ) ( )
22 2 2

1
1

9 9 3 9, .m n n n n n n nKBEU G x nx nx+ + + + + + += +  

Proof: From definition, we deduce  

( )
( ) ( ) ( ) ( )

( )

2 2

1

, e e e eS u S v S u S vm

uv E G

KBEU G x x
+ +



= 
 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
22 2 22 2

1 1

9 9 9 9 9 9n n n n n n n n n nnx nx+ + + + + + + + + + +  += +
 

( ) ( ) ( )( ) ( )
22 2 2

1
1

9 9 3 9 .n n n n n n nnx nx+ + + + + + += +
 

 

 

13. DOMINATION EULER SOMBOR BANHATTI INDEX 

The domination degree  ( )
dd u  [124] of a vertex u in a graph G is defined as the number of minimal 

dominating sets of Gwhich contains u.  

We introduce a new topological index, defined as 

( ) ( ) ( ) ( ) ( )
( )

2 2

d d d d

uv E G

DEU G d u d v d u d v


= + +
 

which we propose to be named as domination Euler Sombor Banhatti index.  

Considering the domination Euler Sombor Banhatti index, we introduce the domination Euler SomborBanhatti 

exponential of a graph G and defined it as 

( )
( ) ( ) ( ) ( )

( )

2 2

, .d d d dd u d v d u d v

uv E G

DEU G x x
+ +



= 
 

We define the modified domination Euler SomborBanhatti index of a graph G as  

( )

( ) ( ) ( ) ( )( ) 2 2

1
.m

uv E G
d d d d

DEU G

d u d v d u d v

=

+ +


 
Considering the modified domination Euler SomborBanhatti index, we introduce the modified domination Euler 

SomborBanhatti exponential of a graph G and defined it as 

( )
( ) ( ) ( ) ( )

( )

2 2

1

, .d d d dd u d v d u d vm

uv E G

DEU G x x
+ +



= 
 

Recently, some domination indices were studied in [124-138]. 

 

RESULTS FOR FRENCH WINDMILL GRAPHS 

The French windmill graph m

nF  is the graph obtained by taking m≥ 3 copies of Kn, n≥ 3 with a vertex in 

common. The graph m

nF  is presented in Figure 10. The French windmill graph 3

mF  is called a friendship graph. 
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Figure 10. French windmill graph m

nF  

 

Let F be a French windmill graph m

nF . Then  

( )
dd u =1,        if u is in center 

            = ( ) 1
1

m
n

−
− ,       otherwise. 

Theorem 13.1. Let F be a French windmill graph m

nF .  Then 

( ) ( ) ( )
( )

( )
( )1 2 1

1 1 1 1
m m

DEU F m n n n
− −

= − + − + −  

( ) ( ) ( )
( )1

[( 1 / 2) 1 ] 1 3.
m

mn n m n n
−

+ − − − −  
Proof: In F, there are two sets of edges. Let E1 be the set of all edges which are incident with the center vertex 

and E2 be the set of all edges of the complete graph. Then 

( ) ( ) ( ) ( ) ( )
( )

2 2

d d d d

uv E G

DEU G d u d v d u d v


= + +  

( ) ( )
( )

( )
( )1 2 121 1 1 1 1

m m
m n n n

− −
= − + − +  −  

( ) ( )[( 1 / 2) 1 ]mn n m n+ − − −
 

( )
( )

( )
( )

( )
( )

( )
( )1 2 1 2 1 1

1 1 1 1
m m m m

n n n n
− − − −

− + − + − −

 ( ) ( )
( )

( )
( )1 2 1

1 1 1 1
m m

m n n n
− −

= − + − + −  

( ) ( ) ( )
( )1

[( 1 / 2) 1 ] 1 3.
m

mn n m n n
−

+ − − − −
 

 

Theorem 13.2. Let F be a French windmill graph m

nF .  Then  

( ) ( ) ( )
( )

( )
( )1 2 1

1 1 1, 1
m m

n nDEU G x m n x
− −

+ − + −= −
 

( ) ( ) ( )
( )1

3 1[( 1 / 2) 1 ] .
m

nmn n m n x
−

−+ − − −
 

Proof: From definition, we deduce  

( )
( ) ( ) ( ) ( )

( )

2 2

, d d d dd u d v d u d v

uv E G

DEU G x x
+ +



= 
 

( ) ( )
( )

( )
( )1 2 121 1 1 11

m m
n nm n x

− −
+ − +  −= −

 

( ) ( ) ( )
( )

( )
( )

( )
( )

( )
( )1 2 1 2 1 1

1 1 1 1[( 1 / 2) 1 ]
m m m m

n n n nmn n m n x
− − − −

− + − + − −+ − − −
 

( ) ( )
( )

( )
( )1 2 1

1 1 11
m m

n nm n x
− −

+ − + −= −
 

( ) ( ) ( )
( )1

3 1[( 1 / 2) 1 ] .
m

nmn n m n x
−

−+ − − −
 

 

Theorem 13.3. Let F be a French windmill graph m

nF .  Then 
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( )
( )

( )
( )

( )
( )

( ) ( )

( )
( )11 2 1

( 1 / 2) 11
.

3 11 1 1

m

mm m

mn n m nm n
DEU G

nn n
−− −

− − −−
= +

−+ − + −

  

Proof: From definition, we deduce  

( )

( ) ( ) ( ) ( )( )
2 2

1m

uv E G
d d d d

DEU G

d u d v d u d v

=

+ +
  

( )

( )
( )

( )
( )1 2 12

1

1 1 1 1
m m

m n

n n
− −

−
=

+ − +  −  
( ) ( )

( )
( )

( )
( )

( )
( )

( )
( )1 2 1 2 1 1

( 1 / 2) 1

1 1 1 1
m m m m

mn n m n

n n n n
− − − −

− − −
+

− + − + − −  
( )

( )
( )

( )
( )

( ) ( )

( )
( )11 2 1

( 1 / 2) 11
.

3 11 1 1
mm m

mn n m nm n

nn n
−− −

− − −−
= +

−+ − + −  

 

Theorem 13.4. Let F be a French windmill graph m

nF .  Then 

( ) ( ) ( )
( )

( )
( )1 2 1

1

1 1 1, 1
m m

m n nDEU G x m n x
− −

+ − + −= −
 

( ) ( ) ( )
( )1

1

3 1[( 1 / 2) 1 ] .
m

nmn n m n x
−

−+ − − −
 

 

Proof: From definition, we deduce  

( )
( ) ( ) ( ) ( )

( )

2 2

1

, d d d dd u d v d u d vm

uv E G

DEU G x x
+ +



= 
 

( ) ( )
( )

( )
( )1 2 12

1

1 1 1 11
m m

n nm n x
− −

+ − +  −= −

 

( ) ( ) ( )
( )

( )
( )

( )
( )

( )
( )1 2 1 2 1 1

1

1 1 1 1[( 1 / 2) 1 ]
m m m m

n n n nmn n m n x
− − − −

− + − + − −+ − − −

 

( ) ( )
( )

( )
( )

( ) ( ) ( )
( )1 2 1 1

1 1

1 1 1 3 11 [( 1 / 2) 1 ] .
m m m

n n nm n x mn n m n x
− − −

+ − + − −= − + − − −
 

 

14. TEMPERATURE EULER SOMBOR BANHATTI INDEX 
In [139], the temperature of a vertex u of a graph G is defined as  

( ) u

u

d
T u

n d
=

−
 

where n is the number of vertices of G.  

The above definition motivate us to introduce a new index, defined as 

( )
( )

2 2( ) ( ) ( ) ( )
uv E G

TEU G T u T v T u T v


= + +
 

which we propose to be named as  temperature Euler Sombor Banhatti index. 

Considering the domination Euler Sombor Banhatti index, we introduce the domination Euler Sombor Banhatti 

exponential of a graph G and defined it as  

( )
( )

2 2( ) ( ) ( ) ( )
, .

T u T v T u T v

uv E G

TEU G x x
+ +



= 
 

We define the modified domination Euler Sombor Banhatti index of a graph G as  
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( )
( ) 2 2

1
.

( ) ( ) ( ) ( )

m

uv E G

TEU G
T u T v T u T v

=
+ +


 

Considering the modified domination Euler SomborBanhatti index, we introduce the modified domination Euler 

SomborBanhatti exponential of a graph G and defined it as 

( )
( )

2 2

1

( ) ( ) ( ) ( )
, .

T u T v T u T vm

uv E G

TEU G x x
+ +



= 
 

Recently, some temperature indices were studied in [139-150]. 

 

RESULTS FOR r-REGULAR GRAPHS 

Let G be an r-regular graph with n vertices, r ≥ 2 and  
2

nr
edges. Then ( )

r
T u

n r
=

−
, for any vertex u in G.  

Theorem 14.1. Let G be an r-regular graph with n vertices and r ≥ 2. Then  

( )
23

.
2( )

nr
TEU G

n r
=

−
  

Proof: We deduce  

( )
( )

2 2( ) ( ) ( ) ( )
uv E G

TEU G T u T v T u T v


= + +
 

 

2 2

     
2

nr r r r r

n r n r n r n r

      
= + +      

− − − −      
 

23 3
.

2 2( )

nr r nr

n r n r
= =

− −
 

Theorem 14.2. Let G be an r-regular graph with n vertices and r ≥ 2. Then  

( )
3

, .
2

r

n r
nr

TEU G x x −=
 

Proof: From definition, we deduce  

( )
( )

2 2( ) ( ) ( ) ( )
,

T u T v T u T v

uv E G

TEU G x x
+ +



= 
 

 

2 2

     

2

r r r r

n r n r n r n rnr
x

      
+ +      

− − − −      =

 
3

.
2

r

n r
nr

x −=

 
Theorem 14.3. Let G be an r-regular graph with n vertices and r ≥ 2. Then  

 

( )
( ) 

.
2 3

m
n n r

TEU G
−

=   

Proof: From definition, we deduce  

( )
( )

2 2

1

( ) ( ) ( ) ( )

m

uv E G

TEU G
T u T v T u T v

=
+ +

  

 

2 2

     2

nr

r r r r

n r n r n r n r

=

       
+ +       

− − − −       
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( ) ( )   
.

2 3 2 3

nr n r n n r

r

− −
= =

 
Theorem 14.4. Let G be an r-regular graph with n vertices and r ≥ 2. Then   

( )
( )

3, .
2

n r

m r
nr

TEU G x x

−

=  

Proof: From definition, we deduce  

( )
( )

2 2

1

( ) ( ) ( ) ( )
,

T u T v T u T vm

uv E G

TEU G x x
+ +



= 
 

     

2

 

2

1

2

r r r r

n r n r n r n rnr
x

      
+ +      

− − − −      =

 
( )

3 .
2

n r
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15. EULER SOMBOR E-BANHATTI INDEX 
If e=uv is an edge of G, then the vertex u and edge e are incident as are v and e. Let dG(e) denote Recall the 

degree of an edge e in G, which is defined by dG(e) = du + dv – 2 with e=uv. 

 

In [151], Kulli defined the Banhatti degree of a vertex u of a graph G as  

( )
( )

G

u

d e
B u

n d
=

−
 

where n is the number of vertices of G and the vertex u and edge e are incident in G. 

 

The above definition motivates us to introduce a new index, defined as 

( )
( )

2 2( ) ( ) ( ) ( )
uv E G

EBEU G B u B v B u B v


= + +
 

which we propose to be named as Euler Sombor E-Banhatti index. 

 

Considering the Euler Sombor E-Banhatti index, we introduce the Euler Sombor E-Banhatti exponential of a 

graph G and defined it as 

( )
( )

2 2( ) ( ) ( ) ( )
, .

B u B v B u B v

uv E G

EBEU G x x
+ +



= 
 

We define the modified Euler Sombor E-Banhatti index of a graph G as  

( )
( ) 2 2

1
.

( ) ( ) ( ) ( )

m

uv E G

EBEU G
B u B v B u B v

=
+ +


 

Considering the modified Euler Sombor E-Banhatti index, we introduce the modified Euler Sombor E-Banhatti 

exponential of a graph G and defined it as 

( )
( )

2 2

1

( ) ( ) ( ) ( )
, .

B u B v B u B vm

uv E G

EBEU G x x
+ +



= 
 

Recently, some E-Banhatti indices were studied in [151-157]. 

 

RESULTS FOR r-REGULAR GRAPHS 
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Let G be an r-regular graph with n vertices and r ≥ 2 and  
2

nr
 edges. For any edge uv=e in G, dG(e)=2r−2. Then              

2 2
( )

r
B u

n r

−
=

−
,   for any vertex u in G.  

Theorem 15.1. Let G be an r-regular graph with n vertices and r ≥ 2. Then  

( )
3 ( 1)

.
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nr r
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−
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−
  

Proof: From definition, we deduce  
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Theorem 15.2. Let G be an r-regular graph with n vertices and r ≥ 2. Then  
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Proof: From definition, we deduce  
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Theorem 15.3. Let G be an r-regular graph with n vertices and r ≥ 2. Then  
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Proof: From definition, we deduce  
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Theorem 15.4. Let G be an r-regular graph with n vertices and r ≥ 2. Then   

( )

( )

3(2 2), .
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EBEU G x x

−
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Proof: From definition, we obtain  
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16. CONCLUSION 
In this paper, we have defined some Euler Sombor Banhatti indices and modified Euler Sombor Banhatti indices 

and their corresponding exponentials of a graph. Also, these newly defined Euler Sombor Banhatti indices and 

modified Euler Sombor Banhatti indices of certain graphs are determined. 
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